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We discuss a Randall-Sundrum-type two D-braneworld model in which D-branes possess different
values of the tensions from those of the charges, and derive an effective gravitational equation
on the branes. As a consequence, the Einstein-Maxwell theory is realized together with the non-
zero cosmological constant. Here an interesting point is that the effective gravitational constant is
proportional to the cosmological constant. If the distance between two D-branes is appropriately
tuned, the cosmological constant can have a consistent value with the current observations. From
this result we see that, in our model, the presence of the cosmological constant is naturally explained
by the presence of the effective gravitational coupling of the Maxwell field on the D-brane.
PACS numbers: 98.80.Cq 04.50.+h 11.25.Wx
I. INTRODUCTION
Recent progress of the superstring theory provides us a
new picture of the universe. This is so called braneworld:
our universe is described as a thin domain wall in higher
dimensional spacetime (See Ref [1] for recent reviews).
While the braneworld model is strongly motivated by the
superstring theory, most of the previously studied models
remain rather unrealistic in the context of D-brane in the
superstring theory, although some features of D-brane
have been taken into account in the studies of probe D-
brane cosmology like mirage cosmology [2] (See Refs. [3,
4, 5] for other related issues.).
Recently, a more realistic inflation model has been pro-
posed in DD¯ system with a flux compactification [6]. In
this model, the inflaton corresponds to the radion, which
represents the distance between the branes. Our uni-
verse may be considered to a D3-brane separated from
the DD¯ system. Anyway, the description of our universe
is slightly rough because the effective gravitational equa-
tion on the branes was not discussed carefully.
In such situation one of the authors tackled this is-
sue with his collaborators [7, 8, 9]. The purpose there
was of course the effective gravitational theory on the D-
brane. The bulk spacetime and brane were described by
the bosonic part of the ten-dimensional IIB supergrav-
ity theory compactified on S5 and the Born-Infeld plus
Chern-Simons action, respectively. The brane tension
was set equal to the brane charge and Z2 symmetry was
assumed. This setup can be considered as a type IIB
supergravity extension of the Randall-Sundrum model
[10, 11].
Intuitively we expected that the effective gravitational
equation on the brane would be the Einstein-Maxwell
theory because the Born-Infeld action includes a U(1)
field. However, this was not the case. We obtained a con-
clusion that the Maxwell field localized on the brane does
not contribute as a source for the gravity on the brane.
Then we suspected that the BPS condition (the brane
charge = brane tension) would be severe, and discussed
a non-BPS case with a single non-BPS D-brane [12]. As
a result, it turned out that the gauge field could be source
for the gravity on the brane. However, there was also an
anomalous term in the effective energy-momentum ten-
sor, that is, a trace term exists as gµνFαβF
αβ ∈ T effµν .
Here we should stress that this non-BPS case would be
the only possible one to realize a coupling of the Maxwell
field to the gravity. Indeed, we obtained essentially the
negative conclusion for a Z2 asymmetric case [13].
In this paper, we reexamine the non-BPS D-brane
model, not with a single brane but two branes. When one
uses the gradient expansion method [14] to solve the bulk
spacetime, the single brane case has an ambiguity which
corresponds to an “integration constant”, which is actu-
ally a function of the brane coordinates. Physically, this
may be regarded as a holographic dark radiation [14, 15],
although this is an non-trivial issue. Anyway, there re-
mains an unknown term in the effective Einstein equa-
tion unless the integration constant is fixed by another
boundary condition in the bulk spacetime. We guess that
this is the reason why the anomalous term appears in the
energy-momentum tensor of the effective theory for the
single non-BPS D-brane model [12]. In order to get a
reliable effective theory, we have to compute the integra-
tion constant carefully by putting another D-brane and
imposing a boundary condition there. Then the integra-
tion constant will be completely determined and there
remains no ambiguity. Hence we can expect that we will
be able to obtain a definite answer for the gravitational
theory on the brane.
The rest of this paper is organized as follows. In Sec. II
we describe our toy model which is a simplification of the
type IIB supergravity theory and give the basic equations
in Sec. III. In Sec. IV, we solve the bulk spacetime with
the boundary conditions, which are given by the junction
conditions on the two branes. Then we derive an effective
gravitational equation on the branes. Finally we will give
the summary and discussions in Sec. V.
2II. MODEL
We consider a Randall-Sundrum type model inspired
by the type IIB supergravity compactified on S5. The
brane is described by the Born-Infeld and Chern-Simons
actions. So we begin with the following total action
S =
1
2κ2
∫
d5x
√−G
[
(5)R− 2Λ− 1
2
|H |2
−1
2
(∇χ)2 − 1
2
|F˜ |2 − 1
2
|G˜|2
]
+S
(+)
brane + S
(+)
CS + S
(−)
brane + S
(−)
CS , (1)
where HMNK =
1
2∂[MBNK], FMNK =
1
2∂[MCNK],
GK1K2K3K4K5 =
1
4!∂[K1DK2K3K4K5], F˜ = F + χH and
G˜ = G+ C ∧H . M,N,K = 0, 1, 2, 3, 4. BMN and CMN
are 2-form fields, and DK1K2K3K4 is a 4-form field. χ is a
scalar field. GMN is the metric of five dimensional space-
time. A[MN ] := AMN − ANM . Λ is the bulk negative
cosmological constant.
S
(±)
brane is given by the Born-Infeld action
S
(±)
brane = −β(±)
∫
d4x
√
−det(g(±) + F (±)), (2)
where g(±)µν are the induced metric on the D±-brane
and
F (±)µν = B(±)µν + (|β(±)|)−1/2F (±)µν . (3)
Fµν is the U(1) gauge field on the brane. Here µ, ν =
0, 1, 2, 3 and β(±) are D±-brane tension.
S
(±)
CS is the Chern-Simons action
S
(±)
CS = −γ(±)
∫
d4x
√−g(±)ǫµνρσ
[
1
4
F (±)µν C(±)ρσ
+
χ
8
F (±)µν F (±)ρσ +
1
24
D(±)µνρσ
]
, (4)
where γ(±) are the brane charges. Here the brane charges
are not equal to the brane tensions in general. Therefore,
our model can contain non-BPS state of D-branes and we
are interested in such branes.
In this paper we deal with the toy model above. The
difference from the original model based on the type IIB
supergravity theory [7] is the absence of the scalar fields
related to the dilaton and the S5 compactification. In-
stead, we introduced the bulk cosmological constant Λ in
order to realise the similar features to the original model.
Also it should be noted that the scalar fields are not es-
sential in considering the coupling between the Maxwell
field and the gravity [7]. In the original model, the brane
tension was set equal to the brane charge and then a flat
brane was contained as a solution. To realize a flat brane
under BPS condition γ(±) = β(±) in our toy model, we
assume the following relation between the bulk cosmo-
logical constant and the brane charge:
2Λ = −5
6
κ4γ2(+). (5)
III. BASIC EQUATIONS
In this section we write down the basic equations
and boundary conditions. Let us perform (1+4)-
decomposition
ds2 = GMNdxMdxN = dy2 + gµν(y, x)dxµdxν . (6)
where D+-brane and D−-brane are supposed to be lo-
cated at y = φ+(x) and y = φ−(x) [16].
The spacelike “evolutional” equations to the y-
direction are
∂yK =
(4)R− κ2
(
(5)T µµ −
4
3
(5)TMM
)
−K2, (7)
∂yK˜
µ
ν =
(4)R˜µν − κ2
(
(5)T µν −
1
4
δµν
(5)Tαα
)
−KK˜µν ,(8)
∂2yχ+D
2χ+K∂yχ− 1
2
HyαβF˜
yαβ = 0, (9)
∂yX
yµν +KXyµν +DαH
αµν +
1
2
FyαβG˜
yαβµν = 0,(10)
∂yF˜
yµν +KF˜ yµν +DαF˜
αµν − 1
2
HyαβG˜
yαβµν = 0,(11)
∂yG˜yα1α2α3α4 = KG˜yα1α2α3α4 , (12)
whereXyµν := Hyµν+χF˜ yµν and the energy-momentum
tensor is
κ2 (5)TMN =
1
2
[
∇Mχ∇Nχ− 1
2
gMN (∇χ)2
]
+
1
4
[
HMKLH
KL
N − gMN |H |2
]
+
1
4
[
F˜MKLF˜
KL
N − gMN |F˜ |2
]
+
1
96
G˜MK1K2K3K4G˜
K1K2K3K4
N − ΛgMN .
(13)
Kµν is the extrinsic curvature, Kµν =
1
2∂ygµν . K˜
µ
ν and
(4)R˜µν are the traceless parts of K
µ
ν and
(4)Rµν , respec-
tively. Here Dµ is the covariant derivative with respect
to gµν .
The constraints on y = const. hypersurfaces are
−1
2
[
(4)R − 3
4
K2 + K˜µν K˜
ν
µ
]
= κ2 (5)Tyy, (14)
DνK
ν
µ −DµK = κ2 (5)Tµy, (15)
3DαX
yαµ +
1
6
Fα1α2α3G˜
yα1α2α3µ = 0, (16)
DαF˜
yαµ − 1
6
Hα1α2α3G˜
yα1α2α3µ = 0, (17)
DαG˜yαµ1µ2µ3 = 0. (18)
Under Z2-symmetry, the junction conditions at the
brane located y = φ±(x) are
Kµν (φ±, x)
= ∓
√
1 + gρσ(±)∂ρφ±∂σφ±
(κ2
6
β(±)δ
µ
ν +
κ2
2
β(±)T
µ(±)
ν
)
+
(
DµDνφ± ± κ
2
6
β(±)D
µφ±Dνφ±
)
+O(T 2µν) (19)
Hyµν(φ±, x) = ±κ2β(±)F (±)µν , (20)
F˜yµν(φ±, x) = ±κ
2
2
γ(±)ǫµναβF (±)αβ , (21)
G˜yµναβ(φ±, x) = ±κ2γ(±)ǫµναβ , (22)
∂yχ(φ±, x) = ±κ
2
8
γ(±)ǫ
µναβF (±)µν F (±)αβ . (23)
In the above
T (±)µν = F (±)µαF (±)να −
1
4
δµνF (±)αβ F (±)αβ (24)
and we discarded the higher order terms which will be
negligible under the assumption of Eq. (26).
From the junction condition for χ, we can omit the con-
tribution of χ to the gravitational equation on the brane
in the approximations which we will employ. Moreover,
we omit the quadratic term of the energy-momentum ten-
sor in Eq. (19).
For simplicity, we impose F˜µνα = 0 and Hµνα = 0.
Also we assume the deviation from BPS state is small
(|γ| ≫ |γ − β|).
IV. GRADIENT EXPANSION AND EFFECTIVE
EQUATION
The derivation of the gravitational equation on D-
branes is our end here. The geometrical projection
method developed in Ref. [17] is one of the powerful
tools to see the effective equation. This is because we
can derive an effective equation without solving the full
spacetime. The equation contains a contribution from
the bulk spacetime in the form of the projected five di-
mensional Weyl tensor. If the cosmological constant is
the only bulk matter, the contribution will be negligible
at low-energy scales. However, we have a caution for the
case with bulk fields. Indeed, we cannot omit the con-
tribution from the Weyl tensor even at low-enegy scales
and then we must solve the bulk spacetime to evaluate
the contribution from the Weyl tensor.
To obtain the effective theory on the brane, therefore,
we first solve the bulk spacetime. We will use the long
wave approximation [14]. The small parameter is the
ratio of the bulk curvature scale ℓ to the brane intrinsic
curvature scale L due to the ordinary matter origin:
ǫ =
ℓ2
L2
≪ 1. (25)
In addition we assume the following ordering
|γ| ≫ |γ − β| > |βT (±)µν | > |β(Dφ)2|, |βℓD2φ|. (26)
The bulk metric is written as
ds2 = dy2 + gµν(y, x)dx
µdxν , (27)
In this coordinate, the brane is supposed to be located at
y = φ±(x). Therefore the induced metric g(±)µν becomes
g(±)µν = gµν(φ±, x) + ∂µφ±(x)∂νφ±(x). (28)
In the gradient expansion, the metric and the extrinsic
curvature are expanded as
gµν(y, x) = a
2(y)
[
hµν(x)+
(1)
g µν (y, x) + · · ·
]
(29)
and
Kµν =
(0)
Kµν +
(1)
Kµν + · · · , (30)
where we set
(1)
g µν (φ+, x) = 0.
The strategy for obtaining the effective gravita-
tional equation on the brane is as follows. We first
solve the bulk spacetime using gradient expansion and
compute the extrinsic curvatures. We can expect
Kµν(y, x) ∼ (4)Rµν + · · ·. Applying the junction con-
dition (Kµν(y±, x) ∼ Tµν) at the branes, we can obtain
the effective equation on the branes. Intuitively, we ex-
pect that the four dimensional Einstein equation can be
realized in the first order. However, this is not the case of
our model. Therefore we need to compute the second or-
der perturbations to see if the conventional gravitational
theory is reproduced.
A. Background
For the background spacetime, the evolutional equa-
tions are
∂y
(0)
K= −κ2
(
(5)T µµ −
4
3
(5)TMM
)(0)
−
(0)
K2, (31)
∂y
(0)
K˜µν= −
(0)
K
(0)
K˜µν (32)
4and
∂y
(0)
G˜yα1α2α3α4=
(0)
K
(0)
G˜yα1α2α3α4 . (33)
The constraint equations are
− 1
2
[
−3
4
(0)
K2 +
(0)
K˜µν
(0)
K˜νµ
]
= κ2
(0)
T yy (34)
Dν
(0)
Kνµ −Dµ
(0)
K= 0 (35)
and
DαG˜yαα1α2α3 = 0. (36)
In the background the brane locations are y =
(0)
φ±= y(±).
The junction conditions are
[
(0)
Kµν −gµν
(0)
K]y=y(±) = ±
κ2
2
γ(±)gµν (37)
and
G˜yα1α2α3α4(y(±), x) = ±κ2γ(±)ǫα1α2α3α4(g(±)). (38)
We find the solution of G˜5 as
G˜yα1α2α3α4(y, x) = αǫα1α2α3α4(g), (39)
where α will be determined by the junction condition.
This is the solution in full order. Then we obtain
G˜yα1α2α3α4(y, x) = κ
2γ(+)ǫα1α2α3α4(g), (40)
with
γ(+) = −γ(−). (41)
Using
κ2
(0)
T yy =
1
96
G˜yα1α2α3α4G˜
α1α2α3α4
y − Λ
= −1
4
κ4γ2(+) − Λ, (42)
and
κ2
(
(5)T µµ −
4
3
(5)TMM
)(0)
= −8
3
κ2
(0)
T yy, (43)
the Hamiltonian constraint and the evolutional equation
become
3
4
(0)
K2= 2κ2
(0)
T yy (44)
and
∂y
(0)
K= −1
4
(0)
K2 +
2
3
κ2
(0)
T yy . (45)
Noting Eq. (42), we obtain the background solution as
ds2 = dy2 + a(y)2γµνdx
µdxν (46)
where
a(y) = e−
y
ℓ (47)
and
1
ℓ
=
1
6
κ2γ(+). (48)
Without loss of generality we can set y(+) = 0 and y(−) =
y0. The extrinsic curvature is given by
(0)
Kµν= −
1
ℓ
δµν . (49)
B. First order
In this subsection, we compute various quantities
which are needed to derive the effective equation on the
branes. For simplicity, we assume
φ± − y±
ℓ
≪ 1. (50)
First, we will obtain the solutions for form fields F˜3 and
H3. We can solve the equations including higher order
because of the assumption, F˜µνα = 0 and Hµνα = 0. The
equations which we will solve are
∂yF˜yµν − 1
2
κ2γ(+)Hyαβǫ
αβ
µν = 0 (51)
and
∂yHyµν +
1
2
κ2γ(+)F˜yαβǫ
αβ
µν = 0. (52)
The constraint equations are
0 = Fα1α2α3 =
1
κ2γ(+)
ǫα1α2α3µDαH
yαµ (53)
and
0 = Hα1α2α3 = −
1
κ2γ(+)
ǫα1α2α3µDαF
yαµ. (54)
The general solutions are
Hyµν = a
−6αµν + a
6βµν (55)
and
F˜yµν =
1
2
ǫ αβµν (a
−6ααβ − a6βαβ). (56)
The junction condition implies the relation
e
6
ℓ y±αµν + e
−
6
ℓ y±βµν = ±κ2β(±)F (±)µν (57)
5and
e
6
ℓ y±αµν − e− 6ℓ y±βµν = ±κ2γ(±)F (±)µν . (58)
That is,
αµν(x) = ±κ2e− 6ℓ y±(β(±) + γ(±))F (±)µν (59)
and
βµν(x) = ±κ2e 6ℓ y±(β(±) − γ(±))F (±)µν (60)
Since the solution for αµν(x) and βµν(x) have two differ-
ent forms as above, we have the following relation
F (−)µν = −e−
6
ℓ (y+−y−)
β(+) + γ(+)
β(−) + γ(−)
F (+)µν
= −e 6ℓ (y+−y−) β(+) − γ(+)
β(−) − γ(−)
F (+)µν . (61)
Moreover, we see
e
12
ℓ (y+−y−) =
β(+) + γ(+)
β(+) − γ(+)
β(−) − γ(−)
β(−) + γ(−)
. (62)
Finally we obtain
Hyµν = κ
2
[
β(+)cosh
(6
ℓ
y
)
+ γ(+)sinh
(6
ℓ
y
)]
F (+)µν (63)
and
F˜yµν =
κ2
2
[
β(+)sinh
(6
ℓ
y
)
+ γ(+)cosh
(6
ℓ
y
)]
ǫ αβµν F (+)αβ .(64)
Since the form fields can contribute to the effective
equation in the quadratic term, the lowest order solution
will be half order and then
(1/2)
H yµν= κ
2γ(+)a
−6
(+)
Fµν (65)
and
(1/2)
F˜ yµν=
1
2
κ2γ(+)a
−6ǫ αβµν
(+)
Fαβ . (66)
From Eq. (61)
(−)
Fµν= a−60
(+)
Fµν (67)
and then
T (−)µν = a
−14
0 T
(+)
µν (68)
hold. Here a0 = e
−
y0
ℓ .
Now we are ready to solve the extrinsic curvature. We
first solve the traceless part which follows the evolutional
equation
∂y
(1)
K˜µν=
(4)
(1)
R˜µν −
(0)
K
(1)
K˜µν −κ2
(
(5)T µν −
1
4
δµν
(5)Tαα
)(1)
.(69)
Then we obtain the first order solution of
(1)
K˜µν
(1)
K˜µν (y, x) = −
ℓ
2a2
(4)R˜µν (h)−
1
2
κ2γ(+)a
−16T µ(+)ν (h)
+
(1)
χµν (x)
a4
, (70)
where
(1)
χµν (x) is the constant of integration.
In this order the junction condition for
(1)
K˜µν (y, x) on
the branes is given by
(1)
K˜µν (y±, x) = ∓
κ2
2
γ(±)T
µ(±)
ν +
[
DµDνφ±
+
1
ℓ
Dµφ±Dνφ±
]
traceless
. (71)
On D+ brane, therefore, we obtain(
DµDνφ+ + 1
ℓ
Dµφ+Dνφ+
)
traceless
= − ℓ
2
(4)R˜µν (h)+
(1)
χµν (x) (72)
and, on D− brane,
a−20
(
DµDνφ− + 1
ℓ
Dµφ−Dνφ−
)
traceless
= −a−20
ℓ
2
(4)R˜µν (h) + a
−4
0
(1)
χµν (x), (73)
where Dµ is the covariant derivative with respect to hµν .
Eliminating
(1)
χµν (x) by using Eqs. (72) and (73), we see(
DµDνφ+ + 1
ℓ
Dµφ+Dνφ+
)
traceless
− a20
(
DµDνφ− + 1
ℓ
Dµφ−Dνφ−
)
traceless
= − ℓ
2
(1− a20)(4)R˜µν (h). (74)
Let us compute the trace part of the extrinsic curva-
ture. From the Hamiltonian constraint
− 1
2a2
(4)R(h) +
3
4
(0)
K
(1)
K= κ
2[(5)Tyy]
(1), (75)
noting that Tyy vanishes at the first order, we obtain
(1)
K (y, x) = − ℓ
6a2
(4)R(h). (76)
Then the junction condition for
(1)
K on the branes,
(1)
K (y±, x) = ∓2
3
κ2(β(±) − γ(±))+
(±)
D2 φ±
−1
ℓ
(
(±)
D φ±)
2, (77)
6implies
−2
3
κ2(β(+) − γ(+)) +D2φ+ −
1
ℓ
(Dφ+)2
= − ℓ
6
(4)R(h) (78)
and
2
3
κ2(β(−) − γ(−)) + a−20
(
D2φ− − 1
ℓ
(Dφ−)2
)
= − ℓ
6a20
(4)R(h). (79)
From the above two equations, we can construct the fol-
lowing equation
−2
3
κ2(β(+) − γ(+))−
2
3
κ2a40(β(−) − γ(−))
+D2φ+ − 1
ℓ
(Dφ+)2 − a20
(
D2φ− − 1
ℓ
(Dφ−)2
)
= − ℓ
6
(1− a20)(4)R(h). (80)
From Eqs. (74) and (80) we obtain the first order effective
Einstein equation with respect to the metric hµν as
(1− a20)(4)Gµν(h) = −
κ2
ℓ
[
β(+) − γ(+) + a40(β(−) − γ(−))
]
hµν
−2
ℓ
[
DµDνφ+ − hµνD2φ+ + 1
ℓ
(
Dµφ+Dνφ+ + 1
2
hµν(Dφ+)2
)
−a20
(
DµDνφ− − hµνD2φ− + 1
ℓ
(
Dµφ−Dνφ− + 1
2
hµν(Dφ−)2
))]
. (81)
This is not the end of this section because hµν is not induced metric g(+)µν = a
2(φ+)hµν + ∂µφ+∂νφ+ on D+ brane.
Then we must rewrite the above effective equation with respect to the induced metric g(+)µν
(1− a20)(4)Gµν(g(+)) = −
κ2
ℓ
[
β(+) − γ(+) + a40(β(−) − γ(−))
]
g(+)µν
+
2
ℓ
a20
[ (+)
Dµ
(+)
Dν d− g(+)µν
(+)
D2 d+
1
ℓ
{ (+)
Dµ d
(+)
Dν d+
1
2
g(+)µν(
(+)
D d)
2
}]
. (82)
where d(x) = φ−(x) − φ+(x) is the proper distance be-
tween the two branes and
(+)
Dµ is a covariant derivative on
D+ brane. The equation for the radion can be derived
from Eqs. (78) and (79) as
a20
(
−
(+)
D2 d+
1
ℓ
(
(+)
D d)
2
)
− 2
3
κ2(β(+) − γ(+))
− 2
3
κ2a20(β(−) − γ(−)) = 0. (83)
As expected, the Maxwell field cannot be a source for
the gravity on the branes at this order. This result is con-
sistent with one obtained in the previous studies [7, 8] be-
cause the background spacetime satisfies BPS condition.
To see the non-zero gravitational coupling, the next order
corrections will be important.
C. Second order
Let us consider the second order perturbations. The
order of the form fields which can contribute to the sec-
ond order corrections to the effective theory is (β(±) −
γ(±))Fµν . Indeed, the solution of the form fields at this
order are obtain as
(3/2)
H yµν=
1
2
κ2(β(+) − γ(+))(a−6 + a6)
(+)
Fµν (84)
and
(3/2)
F˜yµν=
1
4
κ2(β(+) − γ(+))(a−6 − a6)ǫ αβµν
(+)
Fαβ . (85)
The evolutional equation for the traceless part of the
extrinsic curvature is
∂y
(2)
K˜µν = [R˜
µ
ν ]
(2)− (1)K
(1)
K˜µν −
(0)
K
(2)
K˜µν
−κ2
(
(5)T µν −
1
4
δµν
(5)Tαα
)
. (86)
To compute the right-hand side we need the first order
deviation from the seed metric in the bulk
gµν = a
2(hµν+
(1)
g µν). (87)
Since we know the solution to the extrinsic curvature at
the first order, we have the equation for
(1)
g µν
(1)
g µν =
ℓ2
2
(1− a−2)
(
(4)Rµν − 1
6
hµν
(4)R
)
7+
ℓ2
4
(a−4 − 1)(4)R˜µν + 3
8
(1− a−16)T (+)µν + · · ·
=
κ2
6
ℓ(1− a−2)1 + δa
4
0
1− a20
(β(+) − γ(+))hµν
+
3
8
(1− a−16)T (+)µν + · · · , (88)
where
δ =
β(−) − γ(−)
β(+) − γ(+)
. (89)
In the above we used the effective Einstein equation at
the first order. Then we can compute the second order
part of the Ricci tensor (4)R
[(4)Rµν ]
(2) =
1
6
(1 + δa40
1− a20
)2
(a−4 − a−2)κ4(γ(+) − β(+))2δµν
+
3
8
1 + δa20
1− a20
(a−18 − a−2)κ
2
ℓ
(β(+) − γ(+))T µ(+)ν
− 3
16
(a−18 − a−2)(DαDνT µ(+)ν
+DαDµT (+)να −D2T µ(+)ν ). (90)
Using this and the solutions of
(3/2)
H yµν ,
(3/2)
F˜yµν , we see
− κ2[(5)T µν ](2)traceless = −
1
2a4
[
−
(1)
gµβ
(1/2)
Hβyα
(1/2)
H ανy −
(1)
gαρ
(1/2)
Hβyα
(1/2)
Hνyρ h
µβ+
(1/2)
Hµyα
(3/2)
H ανy +
(3/2)
Hµyα
(1/2)
H ανy +(H → F˜ )
]
traceless
= κ4γ(+)(γ(+) − β(+))
[
2
1 + δa40
1− a20
a−18 −
(
2
1 + δa40
1− a20
− 1
)
a−16
]
T µ(+)ν . (91)
Then the evolutional equation in the second order becomes
∂y
(2)
K˜µν =
4
ℓ
(2)
K˜µν +κ
4γ(+)(γ(+) − β(+))
[
109
48
1 + δa40
1− a20
a−18 −
(
2
1 + δa40
1− a20
− 1
)
a−16 +
1
16
1 + δa40
1− a20
a−2
]
T µ(+)ν (h)
− 3
16
(a−18 − a−2)(DαDνT µ(+)ν +DαDµT (+)να −D2T µ(+)ν ). (92)
Now the solution is given by
(2)
K˜µν = −
3ℓ
16
( 1
14
a−18 +
1
2
a−2
)(
DαDνT µ(+)α +DαDµT (+)να −D2T µ(+)ν
)
+κ4ℓγ(+)(γ(+) − β(+))
[
109
48 · 14
1 + δa40
1− a20
a−18 − 1
12
(
2
1 + δa40
1− a20
− 1
)
a−16 − 1
32
1 + δa40
1− a20
a−2
]
T µ(+)ν +
(2)
χµν (x)
a4
.(93)
Up to the second order the traceless part of the extrinsic curvature becomes
K˜µν =
(1)
K˜µν +
(2)
K˜µν= −
ℓ
2a2
(4)R˜µν (h)−
1
2
κ2γ(+)a
−16T µ(+)ν (h)
− 3ℓ
16
( 1
14
a−18 +
1
2
a−2
)(
DαDνT µ(+)α +DαDµT (+)να −D2T µ(+)ν
)
+κ4ℓγ(+)(γ(+) − β(+))
[
109
48 · 14
1 + δa40
1− a20
a−18 − 1
12
(
2
1 + δa40
1− a20
− 1
)
a−16 − 1
32
1 + δa40
1− a20
a−2
]
T µ(+)ν +
χµν (x)
a4
(94)
where χµν (x) =
(1)
χµν (x)+
(2)
χµν (x). Then the junction conditions give us(
DµDνφ+ + 1
ℓ
Dµφ+Dνφ+
)
traceless
= − ℓ
2
(4)R(h) + κ2
(109
112
− 1− 3
16
)
(γ(+) − β(+))
1 + δa40
1− a20
T µ(+)ν (h)
− 3
28
ℓ
(
DαDνT µ(+)α +DαDµT (+)να −D2T µ(+)ν
)
+ χµν (x) (95)
and
a−20
(
DµDνφ− + 1
ℓ
Dµφ−Dνφ−
)
traceless
= − ℓ
2a20
(4)R(h)− 1
2
κ2(γ(+) + β(−))a
−16
0 T
µ(+)
ν (h)
8+κ2(γ(+) − β(+))
[
109
112
1 + δa40
1− a20
a−180 −
1
2
(
2
1 + δa40
1− a20
− 1− δ
)
a−160
− 3
16
1 + δa40
1− a20
a−20
]
T µ(+)ν
− 3
16
ℓ
( 1
14
a−180 +
1
2
a−20
)(
DαDνT µ(+)α +DαDµT (+)να −D2T µ(+)ν
)
+χµνa
−4
0 . (96)
Using Eqs. (95) and (96), we can eliminate χµν as(
DµDνφ+ + 1
ℓ
Dµφ+Dνφ+
)
traceless
− a20
(
DµDνφ− + 1
ℓ
Dµφ−Dνφ−
)
traceless
= − ℓ
2
(1 − a20)(4)R˜µν (h) + κ2(γ(+) + β(−))
[
109
112
1 + δa40
1− a20
(1− a−140 )−
3
16
(1 + δa40)−
1
2
(1 + δ)a−120
]
T µ(+)ν (h)
− 3
16
( 1
14
(1− a−140 ) +
1
2
(1 − a20)
)(
DαDνT µ(+)α +DαDµT (+)να −D2T µ(+)ν
)
. (97)
This is the traceless part of the effective gravitational
equation on D+ brane.
From the second order Hamiltonian equation
− 1
2
((4)R)(2) +
3
4
(0)
K
(2)
K +
3
8
(1)
K2= κ2(Tyy)
(2), (98)
where we neglected the contribution from the first-order
traceless extrinsic curvatures because of Eq. (26), we
obtain
(2)
K =
ℓ
18
κ4(γ(+) − β(+))2
(1 + δa40
1− a20
)2
(−a−4 + 2a−2)
−1
2
κ2(β(+) − γ(+))
(+)
Fµν
(+)
Fµν (h)a−4 (99)
Together with the result at the first order
K =
(1)
K +
(2)
K= −4
ℓ
− ℓ
6a2
(4)R(h) +
ℓ
18
κ4(γ(+) − β(+))2
(1 + δa40
1− a20
)2
(−a−4 + 2a−2)− 1
2
κ2(β(+) − γ(+))
(+)
Fµν
(+)
Fµν (h)a−4.(100)
Then the junction conditions imply
− 2
3
κ2(β(+) − γ(+)) +D2φ+ −
1
ℓ
(Dφ+)2 = − ℓ
6
(4)R(h) +
ℓ
18
κ4(γ(+) − β(+))2
(1 + δa40
1− a20
)2
− 1
2
κ2(β(+) − γ(+))
(+)
Fµν
(+)
Fµν (h)(101)
and
2
3
κ2(β(−) − γ(−)) + a−20
(
D2φ− − 1
ℓ
(Dφ−)2
)
= − ℓ
6a20
(4)R(h) +
ℓ
18
κ4(γ(+) − β(+))2
(1 + δa40
1− a20
)2
(2a−20 − a−40 )
−1
2
κ2(β(+) − γ(+))
(+)
Fµν
(+)
Fµν (h)a−40 . (102)
From these we see
−2
3
κ2(β(+) − γ(+))− a40
2
3
κ2(β(−) − γ(−)) +D2φ+ −
1
ℓ
(Dφ+)2 − a20
(
D2φ− − 1
ℓ
(Dφ−)2
)
= − ℓ
6
(1− a20)(4)R(h) +
ℓ
9
κ2(γ(+) − β(+))2
(1 + δa40)
2
1− a20
(103)
holds. Using Eqs. (97) and (103) we finally obtain the effective Einstein equation with respect to the metric hµν
(1− a20)Gµν(h) = −
2
ℓ
[
DµDνφ+ − hµνD2φ+ − a20(DµDνφ− − hµνD2φ−)
9+
1
ℓ
{
Dµφ+Dνφ+ + 1
2
hµν(Dφ+)2 − a20(Dµφ−Dνφ− +
1
2
hµν(Dφ−)2)
}]
−κ2ℓ−1(β(+) − γ(+))
[
1 + δa40 +
ℓ
6
κ2(β(+) − γ(+))
(1 + δa40)
2
1− a20
]
hµν
+κ2ℓ−1(β(+) − γ(+))
[
109
56
1 + δa40
1− a20
(a−140 − 1) +
3
8
(1 + δa40) + (1 + δ)a
−12
0
]
T (+)µν
−3
8
ℓ−1
( 1
14
(1 − a−140 ) +
1
12
(1 − a20)
)(
DαDνT µ(+)α +DαDµT (+)να −D2T µ(+)ν
)
. (104)
Then the effective gravitational equation with respect to the induced metric on the D+-brane is given as
(1− a20)(4)Gµν(g(+)) = −κ2ℓ−1(β(+) − γ(+))
[
1 + δa40 +
ℓ
6
κ2(β(+) − γ(+))
(1 + δa40)
2
1− a20
]
g(+)µν
+
2
ℓ
a20
[
(+)
Dµ
(+)
Dν d− g(+)µν
(+)
D2 d+
1
ℓ
{ (+)
Dµ d
(+)
Dν d+
1
2
g(+)µν(
(+)
D d)
2
}]
+κ2ℓ−1(β(+) − γ(+))
[
109
56
1 + δa40
1− a20
(a−140 − 1) +
3
8
(1 + δa40) + (1 + δ)a
−12
0
]
T (+)µν
−3
8
ℓ−1
( 1
14
(1 − a−140 ) +
1
12
(1− a20)
)(
(+)
Dα
(+)
D ν T
µ(+)
α +
(+)
Dα
(+)
Dµ T (+)να −
(+)
D2 T µ(+)ν
)
. (105)
Now we can see that the gauge field can be a source for the gravity on the brane. This low energy effective theory
is the four dimensional Einstein-Maxwell theory with the cosmological constant and radion. Further, surprisingly,
the effective gravitational constant and the cosmological constant are proportional to the same factor, β(+) − γ(+).
Noting that β(+) − γ(+) vanishes when β(−) − γ(−) vanishes (see Eqs. (59) and (60)), this means that if there is no
net cosmological constant on the brane, the coupling between the Maxwell field and the gravity also vanishes.
The equation for the radion becomes
a20
(
−
(+)
D2 d+
1
ℓ
(
(+)
D d)
2
)
− 2
3
κ2(β(+) − γ(+))−
2
3
κ2a20(β(−) − γ(−))−
ℓ
18
κ4(γ(+) − β(+))2
(1 + δa40
1− a20
)2
(a−20 − 1)
= −κ
2
2
(β(+) − γ(+))(1− a−20 )
(+)
Fµν
(+)
Fµν (h). (106)
They are main results in our paper.
V. SUMMARY AND DISCUSSION
In this paper we considered a Randall-Sundrum type I
model [10] based on the IIB supergravity. In our model
the bulk spacetime and brane are described by a mimic of
the IIB supergravity compactified on S5 and the Born-
Infeld plus Chern-Simons action. The brane charge is
not set equal to the brane tension (non-BPS condition).
Then we derived an effective gravitational equation on
the branes using the gradient expansion method (long
wave approximation). By virtue of non-BPS condition,
the gauge field localized on the brane can be a source for
the gravity on the brane and the cosmological constant
is induced at the same time. An interesting point here is
that the cosmological constant is proportional to the ef-
fective gravitational coupling to the gauge field. Then the
effective theory is the four dimensional Einstein-Maxwell
theory with a cosmological constant and radion field.
In this sense we could obtain an acceptable model for
the real universe, although the contribution from radion
might be phenomenologically dangerous but would van-
ish if the radion could be stabilised.
According to our result and assuming a0 ≪ 1, the effec-
tive gravitational coupling Geff(+) and the net cosmological
constant Λ(+) are approximately given by
Geff(+) ∼
κ2
ℓ
β(+) − γ(+)
β(+)
a−140 (107)
and
Λ(+) ∼
κ2
ℓ
(β(+) − γ(+)), (108)
respectively. Using Λ(+), G
eff
(+) can be written as G
eff
(+) ∼
a−140 Λ(+)β
−1
(+). Assuming Λ(+) ∼ H20 ∼ (10−42GeV)2,
ℓ ∼ (κ2β(+))−1 ∼ 0.1mm [18] and M5 := κ−2/3 ∼ TeV,
10
we obtain
a−10 ∼ 108.5
(0.1mm
ℓ
) 1
14
( H20
Λ(+)
) 1
14
( M5
TeV
) 3
14
(109)
or y0/ℓ ∼ 19.5. H0 is the present Hubble constant.
Hence, we could have appropriate values for Geff(+) and
Λ(+) if y0/ℓ ∼ 19.5. Here we must have a fine tuning
between the brane tension and charge as
β(+)−γ(+)
β(+)
∼
10−60(ℓ/0.1mm)2, which may correspond to the cosmo-
logical constant problem. This indicates the relation of
the presence of the cosmological constant and the grav-
itational coupling. In this model, the effective gravita-
tional coupling is turned off if we are living on the BPS
D-brane, that is, the presence of the gravitational cou-
pling indicate the presence of the cosmological constant.
In classical level the cosmological constant appears as a
result of breaking BPS condition for the brane configura-
tion. What we have to explain is the appropriate radion
stabilisation mechanism so that y0/ℓ ∼ 19.5.
In this paper, we considered only the bosonic part for
simplicity. If we want a phenomenologically acceptable
model where the matter sector reduces to the grand uni-
fied theory at low energy, we need to think of, for exam-
ple, D3-D7 system [19]. To investigate this kind of sys-
tems we must treat the brane with higher co-dimensions
containing the fermionic parts as well as bosonic parts.
This issue is left for future study.
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